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We present a new formulation to deal with the consistency problem of a massive spin-2 field in
a curved spacetime. Using Fierz variables to represent the spin-2 field, we show how to avoid the
arbitrariness and inconsistency that exists in the standard formulation of spin-2 field coupled to
gravity. The superiority of the Fierz frame appears explicitly in the combined set of equations for
spin-2 field and gravity: it preserves the standard Einstein equations of motion.
I. INTRODUCTION
A. General comments
It is a rather ancient and well know difficulty of field
theory the description of spin-2 field in a curved back-
ground. Although the identification of the metric struc-
ture of spacetime with gravity in Einstein general theory
of relativity (GR) reduces this problem to the compati-
bility condition of the gravitational interaction of a spin-2
field, the question we face is more general.
The basic difficulty was pointed out by Aragone and
Deser [1], in the early seventies. They showed that, due
to the fact that the free-field equations of motion for the
spin-2 in a curved riemannian background are no longer
divergence-free, as in the Minkowski case, the only ac-
ceptable situation is the one in which the background
spacetime curvature is constant. This rules out com-
patibility with the Einstein equations, since the spin-2
field cannot be the source of a constant curvature geom-
etry. When dealing with the possibility of non-minimal
coupling, they pointed out that the Eintein equations
themselves would be altered, and that severe restrictions
would apply to the field variables because of the curva-
ture’s algebraic structure in each spacetime point.
In a more recent treatment of the subject, Buchbinder
et al. [2] considered the case of a massive spin-2 field cou-
pled non-minimally to gravity. They used a lagrangian
written as an infinite series in the inverse mass, and
showed that the set of equations thus obtained is com-
patible with the Einstein equations to the order of 1/m.
Afterwards, they related their findings to string theory.
In this paper we shall follow a different approach, mak-
ing use of the Fierz representation of the spin-2 field [3].
To make things clear from the start, let us remind that
the spin-2 field can be described in two ways, which we
will call the Einstein-frame and the Fierz-frame repre-
sentations. The most common one, the Einstein-frame,
uses a symmetric second order tensor ϕµν to represent
the field. In the Fierz-frame this role is played by a third
order tensor Fαµν which is antisymmetric in the first pair
of indices and obeys the cyclic identity. We will see that
such an object must obey a further condition in order to
represent only one single spin-2 field, otherwise it repre-
sents two spin-2 fields.
In the flat Minkowski spacetime both variables are
equivalent: The dynamics is the same and the corre-
sponding structure of the consistency of the dynamical
equations is completely equivalent. Nevertheless, in the
case of a curved spacetime this is no longer true. We
shall see that the use of the Fierz-frame seems more
compelling, once it yields, through the standard min-
imal coupling principle, a unique, non-ambiguous de-
scription. In the Einstein-frame there is an ambiguity
which comes from the ordering of the covariant deriva-
tives, that do not commute in the curved background, as
well as an ambiguity concearning the coefficients of the
non-minimal coupling terms. In fact, some of the non-
minimal coupling terms are exactly of the type of those
that appear when one changes the order of the covariant
derivatives in the equations of motion, so that different
authors could see the same lagrangian as containing or
not non-minimal coupling, depending of their choices of
such ordering. We will show in this paper that the use of
the Fierz-frame gives naturally a minimal coupling treat-
ment for equations that are equivalent to those studied
by Aragone-Deser and Buchbinder et al. as derived from
a non-minimal coupling, with specific coeficients to the
non-minimal coupling terms, which remain arbitrary in
their formulations.
It is really a curious fact that although such ambiguity
has been pointed out by many authors since its origi-
nal set up, in the early fourties, the Einstein-frame has
been almost uniquelly employed. As far as we know,
the generalization of Fierz-frame into a curved spacetime
was never used before. The reasons for this choice were
related intimately with the possibility - pointed out by
Gupta [4], Feynmann [5], Deser [6] and many others - of a
field theoretical construction of gereral relativity, equiv-
alent to the Einstein’s geometrical approach to his grav-
itational theory.
The non-ambiguity of the Fierz-frame representation,
in the curved spacetime background, allows us to write
a set of compatible equations which are similar to those
found by Buchbinder et al. [2]. Furthermore, as we use
2the Fierz-frame representation of the spin-2 field with
minimal coupling to gravity, the Einstein equations re-
tain their usual form. Besides, as we have alredy men-
tioned, our equations are equivalent to those arising from
the Einstein-frame with non-minimal coupling due to
the Aragone-Deser choice of derivative’s ordering, with
some specific coefficients - so, we are able to by-pass the
problem of compatibility with the Einstein equations as
pointed out by these authors [1].
B. Synopsis
We start with a review of the Fierz variables to de-
scribe a spin-2 field in Minkowski spacetime. We de-
cided to include here such a rather simple review once
we realized that the majority of works on this field does
not make any reference to such equivalent form of de-
scription. Then we will show in the present paper that
the generalization of spin-2 field theory, from Minkowski
background to arbitrary riemannian geometry, is better
achieved in the Fierz frame. Not only the theory is not
ambiguous[10] but besides it allows a natural and com-
plete understanding of the necessary conditions of com-
patibility in a closed form. The structure of the paper
is the following. After reviewing the Fierz variables in
the Minkowski background in section II, we present their
extension to the curved background (section III.A). We
go on in section III to contrast the Einstein and Fierz
representations of spin-2 field in curved spacetime (sec-
tions III.B-C), and show that the Weyl tensor plays an
essencial role in the analysis of the compatibility con-
ditions for our equations (section III.D). We finish by
making some remarks about the energy-momentum ten-
sor for the spin-2 field in the Fierz representation (section
III.E) and displaying our final set of equations (section
III.F).
II. SPIN-2 FIELD DESCRIPTION IN
MINKOWSKI BACKGROUND
Since the early times of relativistic field theory it has
been known that in the description of a spin-2 tensor
field one can use either a second order representation that
deals with a symmetric second order tensor ϕµν (which
we will call the Einstein representation) or by a third
order tensor Fµνα (the Fierz representation).
This second one has been forgotten, or nearly so, and
thus we will make a short review of its use in the well-
known case of spin-2 in Minkowski background, in order
to fix notation and to show that indeed this description
is as complete as the standard one. We shall argue later
on that this representation is better suited for the curved
background case.
A. Definitions and Notation
We define a three-index tensor Fαβµ which is anti-
symmetric in the first pair of indices and obeys the cyclic
identity, that is
Fαµν + Fµαν = 0 (1)
Fαµν + Fµνα + Fναµ = 0. (2)
This last expression means that the dual of Fαµν is
trace-free:
∗
F
αµ
µ = 0, (3)
where the asterisk represents the dual operator defined
in terms of the completelly anti-symmetric object ηαβµν
by
∗
F
αµ
λ ≡
1
2
ηαµνσ F
νσ
λ.
Such an object has 20 independent components. In
order to eliminate the extra 10 independent components
of a three-index tensor Fαβµ that obeys conditions (1)
and (2) and to allow it to represent a single spin-2 field,
we impose an additional requirement contained in the
following lemma:
Lemma 1
The necessary and sufficient condition that Fαµν
represents an unique spin-2 field is contained in the
condition[11]
∗
F
α(µν)
,α = 0. (4)
We represent the symmetrization symbol by A(µν) ≡
Aµν +Aνµ. Equation (4) can be rewriten as
Fαβ
λ
,µ + Fβµ
λ
,α + Fµα
λ
,β −
1
2
δλα(Fµ,β − Fβ,µ) +
−1
2
δλµ(Fβ,α − Fα,β)−
1
2
δλβ(Fα,µ − Fµ,α) = 0. (5)
Just for latter use we note that a direct consequence
of the above equation is the identity:
Fαβµ ,µ = 0 . (6)
We will call a tensor that satisfies conditions (1), (2)
and (4) a Fierz tensor.
If Fαµν is a Fierz tensor then it represents a unique
spin-2 field. As a consequence of this lemma one can
connect both representations. Condition (4) implies that
3there exists a symmetric second order tensor ϕµν such
that we can write
2Fαµν = ϕνα,µ − ϕνµ,α +
(
ϕ,α − ϕαλ,λ
)
ηµν
−
(
ϕ,µ − ϕµλ,λ
)
ηαν . (7)
The factor 2 in the lhs is introduced for convenience.
The metric tensor of the Minkowski spacetime[12] is rep-
resented by ηµν . The proof of this Lemma is straightfor-
ward.
Taking the trace of equation (7) we find that
Fα = ϕ,α − ϕαλ,λ; (8)
we can thus conveniently write
2Fαµν = ϕνα,µ − ϕνµ,α + Fα ηµν − Fµ ηαν . (9)
When a Fierz tensor is written under the form given in
equation (7) or (9) we will say that it is in the Einstein
frame.
Lemma 2
A Fierz tensor Fαµν satisfies the identity
Fα(µν),α ≡ −GLµν , (10)
where GLµν is the linearized Einstein operator defined in
terms of the symmetric tensor ϕµν by
GLµν ≡ ✷ϕµν − ϕǫ(µ,ν) ,ǫ + ϕ,µν − ηµν
(
✷ϕ− ϕαβ,αβ
)
.
(11)
A manipulation of the properties of the Fierz tensor
yields a direct proof of this Lemma.
Taking the divergence of Fα(µν),α yields the identity:
Fα(µν),αµ ≡ 0. (12)
Indeed,
Fαµν,αµ + F
ανµ
,µα = 0. (13)
The first term vanishes identically due to the symme-
try properties of the field and the second term vanishes
due to equation (6). As a direct consequence of this,
through the use of the Lemma 2 we recover the identity
which states that the linearized Einstein tensor GLµν is
divergence-free.
B. The equations of motion
We limit all our considerations in the present paper to
a dynamics for the Fierz field which is linear. The most
general linear theory is a combination of the invariants
one can construct with the field. There are three of them
which we represent by A, B and W :
A ≡ Fαµν Fαµν
B ≡ Fµ Fµ
W ≡ Fαβλ
∗
F
αβλ =
1
2
Fαβλ F
µνλ ηαβµν (14)
We deal here only with the two invariants A and B. The
reason for this rests on the fact that in the linear regime
the invariant W does not contribute for the dynamics
once it is a topological invariant, as shown in the ap-
pendix.
The standard equation for the massless spin-2 field is
given by
GLµν = 0. (15)
As we have seen above, in terms of the field Fλµν this
equation can be written as
Fλ(µν),λ = 0. (16)
The corresponding action takes the form
S =
1
k
∫
d4x (A−B). (17)
Note that the Fierz tensor has dimensionality (lenght)−1,
which is compatible with the fact that Einstein constant
k has dimensionality (energy)−1 (lenght)−1. We set, from
now on, k = 1. Then,
δS =
∫
2Fαµν,α δϕµν d
4x. (18)
Using the identity
Fαµν,α =
1
2
Fα(µν),α = −
1
2
GLµν , (19)
we obtain
δS = −
∫
GLµν δϕ
µν d4x, (20)
where GLµν is given in equation (11).
Thus, the action (17) corresponds to
S = −
∫
GLµν ϕ
µν d4x, (21)
in the Einstein-frame.
4C. Symmetry
Let us make a remark here concerning the gauge in-
variance of equation (15) under the map
ϕµν → ϕ˜µν = ϕµν + Λµ,ν + Λν,µ. (22)
The field Fαβµ does not change under this map only in
the particular case when the vector Λµ is a gradient. Al-
though the field Fαβµ is not invariant under the general
map when the vector Λµ is not a gradient, the corre-
sponding dynamics is invariant. Indeed, we have
δFαβµ ≡ F˜αβµ − Fαβµ =
1
2
Xαβµ
λ
,λ, (23)
where
Xαβµ
λ ≡ (Λα,β − Λβ,α)δλµ + [Λσ,σδλα − Λα,λ]ηβµ
− [Λσ,σδλβ − Λβ,λ]ηαµ, (24)
and then it follows that
2δFα = Xα
λ
,λ, (25)
whith
Xα
λ ≡ Xαβ βλ.
As a consequence of this transformation, the invariants
A e B change accordingly:
δA = FαβµXαβµ
λ
,λ (26)
and
δB = FαXα
λ
,λ. (27)
We remark that Xαβµ
λ is not cyclic in the indices (αβµ),
but the quantity
Xαβµ
λ
,λ (28)
has such cyclic property:
Xαβµ
λ
,λ +Xβµα
λ
,λ +Xµαβ
λ
,λ = 0. (29)
Besides, it is straightforward to show the associated iden-
tities:
Xαβµλ,λα = 0 (30)
Xαβµλ,λµ = 0 (31)
Xαλ,αλ = 0. (32)
Thus,
δA = [ϕµα,β + Fα ηµβ ] Xαβµ
λ
,λ, (33)
or, equivalently,
δA = ϕµα,βXαβµ
λ
,λ + F
αXα
λ
,λ. (34)
Then
δ(A−B) = ϕµα,βXαβµλ ,λ, (35)
and
∫
ϕµα,βX
αβµλ
,λ =
∫
div −
∫
ϕµαX
αβµλ
,λβ , (36)
so that, because of (30),
∫
δ(A−B) = 0. (37)
This shows that the transformation
Fαβµ → Fαβµ +Xαβµ λ ,λ
for Xαβµ
λ, given in equation (24), leaves the dynamics
invariant.
D. The massive case
Using the Fierz-frame to describe the case of mas-
sive spin-2 field in Minkowski background, the lagrangian
takes the form
L = A−B + m
2
2
(
ϕµν ϕ
µν − ϕ2
)
, (38)
and the equation of motion is provided by
Fα(µν),α +m
2 (ϕµν − ϕηµν) = 0 (39)
or, equivalently, by
GLµν −m2 (ϕµν − ϕηµν ) = 0.
The trace of this equation gives
Fα,α −
3
2
m2 ϕ = 0. (40)
The divergence of equation (39) yields
5Fµ = 0. (41)
In terms of the potencial this is equivalent to
ϕ, µ − ϕǫµ ,ǫ = 0. (42)
Using this back to the trace equation gives ϕ = 0.
Consequently, from equation (41) it follows
ϕµν ,ν = 0.
Thus there remains only five degrees of freedom, as it
should in order that Fαβµ represents a pure spin-2 field.
III. SPIN-2 FIELD DESCRIPTION IN CURVED
RIEMANNIAN BACKGROUND
A. The Fierz tensor in a curved spacetime
Since the seminal paper of Aragone and Deser [1] (see
also for recent development and references [2]), it is a
known fact the difficulty one encounters in coupling spin-
2 field with gravity in the general relativity framework.
In order to set the problem in a new perspective which al-
lows us to sugest a solution, we turn our analysis to the
generalization of Fierz framework into a curved space-
time.
Let us remind that a drawback of the use of Einstein-
frame to generalize the equations of motion of spin-2 field
into a curved spacetime is related to the ambiguity con-
tained in such generalization. This is due to the fact that
in such formulation one deals with quantities that con-
tain second order derivatives. If the Riemann curvature
tensor is not null then the order of such derivatives is not
equivalent and one has to make an arbitrary choice. The
second difficulty is a dynamical one which is related to
the absence of a divergence-free condition as we shall see.
In order to deal with such problems we turn our treat-
ment to the Fierz-frame. We start by showing that the
generalization to an arbitrary riemannian curved geom-
etry, using the standard minimal coupling principle, of
condition displayed in equation (4) to curved spacetime,
that is,
∗
F
α(µν)
;α = 0 (43)
does not allow a representation of the field in terms of a
second order symmetric tensor that acts as a potential for
Fαβµ (in this expression and throughout the rest of this
paper, a semicolon represents the covariant derivative in
the riemannian geometry). This is not a real difficulty
since such condition is substituted by another one, as we
will now show.
Using the minimal coupling principle let us write the
field Fαβµ in terms of a potential ϕµν . This can be done
directly from formula (9) without any ambiguity by re-
placing the derivative - represented by a comma - by
a covariant derivative in an arbitrary curved spacetime.
We set
2Fαβµ = ϕµα;β − ϕµβ;α + Fαgβµ − Fβgαµ. (44)
Thanks to the fact that the covariant derivative is not
commutative, a straightforward calculation yields
∗
F
α
(µν) ;α =
1
2
(Rµαβ
∗
ν +Rβνµ
∗
α) ϕ
αβ . (45)
Instead of eq. (43) this is the new condition that substi-
tutes, in the case of curved spacetime, condition (4) in
flat space and allows the description of the Fierz tensor in
terms of a potential. An important further consequence
of this is that the associated quantity W defined by
W ≡ Fαβλ
∗
F
αβλ =
1
2
FαβλF
µνλ ηαβµν
is no more a topological invariant and may contribute for
the dynamics of the spin-2 field, taking the form of a non
minimal coupling term. In the present paper we will not
consider this extra invariant. We postpone the analysis
of this generalization to the future.
For completeness we note that the flat-space identity -
equation (6) - changes to the form
Fαµν ;ν = −
1
2
(Rαǫ ϕ
µǫ −Rµǫ ϕαǫ) . (46)
Note that in the particular case in which the back-
ground geometry is an Einstein space, that is, Rµν =
Λ gµν , the right-hand side vanishes and we recover the
same identity as in the flat space case.
Let us examine condition (45) in the particular case
in which the background is of a de Sitter or Anti de Sit-
ter geometry. The Riemannian curvature tensor can be
written under the form
Rαβµν =
R
12
gαβµν . (47)
Then it follows that
Rα
∗
βµν =
R
12
ηαβµν (48)
and, consequently, equation (43) is valid. This means
that in the case of constant curvature in which (47) is
satisfied (that is, when the Weyl tensor, Wαβµν , van-
ishes), the connection of the Einstein and Fierz frames
are contained in the same expression (43) as in the flat
space case (4).
6B. The Fierz frame representation
It is our purpose here to show that the difficulties one
encounters in coupling spin-2 field, massive or not, with
gravity represented by the geometry of spacetime in GR
can become more tractable if we deal with the Fierz rep-
resentation. In order to support such statement, let us
first of all remember the standard argumentation that
deals with the spin-2 field in Einstein frame. The equa-
tion of motion for a massive spin-2 field is traditionaly
presented in the form
G(1)µν = m
2 (ϕµν − ϕgµν) , (49)
in which [13]
G(1)µν ≡ ✷ϕµν − ϕǫ(µ;ν);ǫ + ϕ;µν − gµν
(
✷ϕ− ϕαβ ;αβ
)
.
(50)
Let us make a small comment here concerning the
ambiguity of this operator G(1)µν . In the passage from
the Minkowski background, in which this operator takes
the form of equation (11), to its corresponding minimal
coupling version, one faces a difficulty due to the non-
commutativity of the covariant derivatives. The choice
made by different authors is arbitrary and has no fur-
ther motivation. Instead of G(1)µν , one could also make
another choice:
G(2)µν ≡ ✷ϕµν − ϕε(µ;ǫ;ν) + ϕ;µν − gµν
(
✷ϕ− ϕαβ ;αβ
)
,
(51)
or any combination of both.
Nothing similar if one uses the Fierz representation. In
this case, as one can see by simple inspection, there is no
ambiguity. This is due to the peculiarity of the funda-
mental object in Fierz-frame [14]. Besides, there is also
no ambiguity in the passage from Minkowski to curved
spacetime in the relation of the field Fαµν to its poten-
tial. Consequently, as we see next, there is no ambiguity
in the dynamics. Equation (10) now becomes
Fα(µν);α ≡ −G˜µν , (52)
where
G˜µν ≡
1
2
[
G(1)µν +G
(2)
µν
]
. (53)
Let us come back to the Einstein frame and take the
divergence of equation (49). The consequence of such
operation is a complicated expression that has a very
remarkable property: it contains only first order deriva-
tives of the field. This expression is interpreted as the
curved spacetime version of the flat space compatibility
condition
(ϕµν − ϕηµν),ν = 0. (54)
This causes no difficulty. The real problem appears in
the next step. In the flat space the standard procedure
is to use condition (54) in the precedent equations and
to show that one can eliminate the scalar component ϕ.
If one intends to follow this path for the curved space-
time one encounters the difficulty that the expression one
obtains after this operation contains second-order deriva-
tives and cannot be taken as a true constraint. So much
for the traditional Einstein frame, let us see the modifi-
cations imposed by the use of the Fierz frame.
Using the minimal coupling principle (MCP), we keep
the lagrangian constructed with the invariants A and
B[15], that is,
L = A−B + m
2
2
(
ϕµν ϕ
µν − ϕ2
)
. (55)
The corresponding equation of motion is
Fα (µν);α = −m2 (ϕµν − ϕgµν) . (56)
The trace of this equation gives
Fα;α −
3
2
m2 ϕ = 0. (57)
C. Non-minimal coupling in the Einstein frame
In order to compare this dynamics with the one sug-
gested by Aragone-Deser, we use the decomposition (44)
of Fαµν . Equation (56) takes the form
G(1)µν +Rµǫνλ ϕ
ǫλ − 1
2
Rµǫϕν
ǫ − 1
2
Rνǫϕµ
ǫ
= m2 (ϕµν − ϕgµν) , (58)
or, equivalently,
G˜µν = m
2 (ϕµν − ϕgµν) . (59)
First of all we note that, from the Aragone-Deser point
of view, in the Fierz representation an effective non-
minimal coupling between the spin-2 field and gravity
appears naturally through the potential ϕµν .
The expression (58) can also be obtained in the
Einstein-frame if one adds arbitrarily to the standard la-
grangian definite extra terms, that is
L(1) = − G(1)µν ϕµν − αRµǫνλ ϕǫλ ϕµν + β Rµν ϕµǫ ϕνǫ
+
m2
2
(
ϕµν ϕ
µν − ϕ2
)
(60)
7with the choice α = β = 1. Let us make two comments
on this apparent equivalence. First we note that in the
Einstein-frame, represented by expression (60), one deals
with a specific combination of the extra non-minimal
curvature-dependent terms, chosen arbitrarily among all
other possibilities. Contrarily to this, the Fierz-frame
yields a peculiar combination of such non-minimal terms,
without ambiguity. The non minimal coupling itself, ac-
tually, turns out to be a consequence of the choice of the
order of the derivatives; making the choice α = β = 1,
this lagrangian can be written as
L(1) = −G˜µν ϕµν +
m2
2
(
ϕµν ϕ
µν − ϕ2
)
, (61)
so that we have minimal coupling.
Besides there is a further property which implies a cru-
cial distinction between the two modes.
Assuming Einstein representation, equation (60) must
be implemented by the free part of General Relativity,
that is
L =
1
2
R. (62)
As a consequence of this, independent variation of the
metric gµν and the field in the Einstein-frame yield a
modified equation for the metric, once the non minimal
terms must be varied yielding further terms in the GR set
of equations, containing derivatives of order higher than
two. In the Fierz-frame, such modification does not exist
and the equation of GR remains in its standard form,
Rµν −
1
2
Rgµν = −Tµν. (63)
This shows the superiority of the Fierz frame: it preserves
the standard Einstein equation of motion.
An important further property concerns the fact that
the trace of the new terms that appear containing curva-
ture in equation (58) vanishes identically. In the Einstein
frame this property occurs only in the very special case
α = β = 1, which is precisely the combination needed to
arrive at the equivalence of both representations. Note
that equations (57) and (40) are very similar. The im-
portance of this fact is that equation (57) is crutial to the
solution of the compatibility conditions, as we will show
in the next section.
D. Compatibility conditions
The absence of a divergence-free identity in the case
of a spin-2 field in arbitrary curved spacetime provokes
the compatibility condition that may destroy the pure
spin-2 structure of the field. At this point it has been a
traditional usage the limitation of the curved background
by imposing the condition that the geometry is such that
the curvature is constant, that is, one imposes
Rµν =
1
4
Rgµν .
In other words, one deals with an Einstein space. This
solves one part of the problem but leads to a rather dra-
matic situation: one cannot deal with a closed system
restricted to spin-2 field plus gravity satisfying Einstein
equation. This is a direct consequence of the fact that
the energy-momentum tensor of the spin-2 field cannot be
taken as the source of the (constant) curvature of space-
time. One could be prepared to restrict in some way the
properties of the geometry which is generated by an arbi-
trary spin-2 field. But certainly this condition should be
more soft. Take for instance the example of the geometry
generated by a spin-1 field that satisfies linear Maxwell
equation. It has been shown by Rainich and latter on by
Wheeler [7] that in order of a geometry to have a spin-1
as its source it must satisfy
RµαR
αν = λδµ
ν . (64)
One should expect to arrive at a corresponding condi-
tion for the case of spin-2, with some different kind of
restriction.
Taking the covariant divergence of equation (56) we
find
Zµ +m2 Fµ = 0, (65)
where we define
Zµ ≡ −Fα (µν);αν , (66)
so that
Zµ = Rαβλµ Fαβλ −
1
2
(
Rε
[λϕµ]ε
)
;λ
. (67)
Equation (65) contains - as in the case of the Einstein
frame - derivatives of the first order on the spin-2 field
ϕµν . We can understand this equation as a compatibility
condition in the same manner as the divergence equation
in flat space. It remains to obtain a further requirement
in order to eliminate the scalar freedom. The natural way
should be to use this equation (65) into the trace of the
equation of motion (56). However, in the curved space-
time the structure of the constraint is such that does not
allow the solution of this problem from such substitution.
We then turn to another procedure to obtain a scalar con-
straint. Let us do this by taking a second divergence of
the equation of motion. A direct calculation gives
Fα (µν);α;µ;ν =
(
Rαβλµ Fαβλ
)
;µ
, (68)
8and hence
(
Rαβλµ Fαβλ
)
;µ
= −m2 Fα;α. (69)
If the geometry generated by the spin-2 field, through
the Einstein equation, is such that the Riemann curva-
ture tensor satisfies the condition
Rαβλµ Fαβλ = 0, (70)
then it follows that
Fα;α = 0. (71)
Using this result back to the trace of the equation of
motion (57) we obtain the vanishing of the scalar ϕ as
in the flat space case, providing a consistent theory of
massive spin-2 field coupled to gravity.
Let us write equation (70) as
Wαβλµ Fαβλ + T
αβF ναβ + T
ανFα −
2
3
T F ν = 0, (72)
where we made use of equation (63). It is quite clear from
this expression that the appearence of the Weyl tensor in
it is the fundamental point that makes it compatible with
the Einstein equations. In the Aragone-Deser equation,
(49), the corresponding condition involves only the Ricci
tensor Rµν , which is already compromised with the Ein-
stein equations - that is the source of the incompatibility
that they pointed out. In our equation, the presence
of the Weyl tensor turns it possible for the geometry to
satisfy the condition stated above, without getting into
contradiction with the Einstein equations.
E. The energy-momentum tensor for the spin-2
field
We showed in section III.C that, in the Fierz repre-
sentation of the spin-2 field with minimal coupling to
gravity, the Einstein equations remain valid. The quan-
tity that appears at the r.h.s. of equation (63) is the
energy-momentum tensor for the spin-2 field, given by
the standard procedure:
Tµν =
2√−g
{
δ(
√−gL)
δgµν
−
[
δ(
√−gL)
δgµν,ε
]
,ε
}
, (73)
where the L is the lagrangian used in section III.B. A
rather long but straightforward calculation allows us to
write the energy-momentum tensor as provided by:
T µν = − L gµν + 2[2FµαβF ναβ + FαβµFαβν
− Fα(µν)Fα − FµF ν ] + [Fα(µν)ϕαε
− Fα(εµ)ϕαν − Fα(εν)ϕαµ];ε
+ 2m2(ϕµαϕα
ν − ϕϕµν). (74)
Note that we cannot, even for the massless case, write
for T µν an expression containing only the tensor Fαµν ,
because the potencial ϕµν appears explicitly in the ex-
pression above (which is also true for the condition (45)).
It is a remarkable fact that, since our equations
could be equally derived in the Einstein-frame with non-
minimal coupling, as we showed in section III.C (through
the choice α = β = 1), this T µν contains all the terms
that would alter the Einstein equations due to the non-
minimal coupling in this representation.
F. The final set of equations
Thus, the complete set of consistent equations for the
massive spin-2 field, in the Fierz representation, is

Fα (µν);α = −m2 (ϕµν − ϕgµν)
Rµν − 12 Rgµν = −Tµν
Zµ +m2 Fµ = 0
Rαβλµ Fαβλ = 0,
(75)
where T µν is given by (74) and Zµ by (67). The tensor
ϕµν satisfies also the condition ϕ = 0, which is implied
by these equations.
IV. CONCLUSION
We showed in this work that the generalization of the
Fierz representation of the spin-2 field to a curved space-
time has some interesting properties: first of all, it is
completely non-ambiguous with regard to the order of the
derivatives. Second, the assumption of minimal coupling,
in this representation, result in equations that are equiv-
alent to the equations with non-minimal coupling in the
Einstein representation, when the traditional Aragone-
Deser choice of the order of the derivatives is used, with
some fixed coefficients for the extra terms. This allows
us to solve the compatibility conditions for the massive
field. At the same time, in the Fierz representation, the
Einstein equations remain valid, with their usual form.
These results indicate that the Fierz representation seems
to be the most natural way to deal with the coupling of
the spin-2 field to gravity.
V. APPENDIX∫
W d4x is a topological invariant. Indeed,
Q =
∫
∗
F µαβF
µαβd4V
=
∫
Fαβµ [ηαβ
ρσ ϕµρ,σ + F
ρ ηαβρµ] dV. (76)
9Since
Fαβµ ηαβρµ = 0,
then
Q =
∫
[Fαβµ ηαβ
ρσ ϕµρ],σ −
∫
Fαβµ,σ ηαβρσ ϕµρ. (77)
By equation (43) the second term vanishes and it re-
mains:
Q =
∫
∂σ(η
αβρσFαβµϕ
µ
ρ). (78)
Or, in other way round,
W = Fµαβ
∗
F µαβ (79)
can be rewriten as
W =
(
∗
F ρσβ ϕ
βρ
)
,ǫ
ησǫ. (80)
Calling
Kσ ≡ −
∗
F σαβ ϕ
αβ (81)
we write
W = Kµ,µ. (82)
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